Normally supercompact spaces and completely distributive posets☆☆This work was supported by the National Education Committee of China for outstanding youths and by the National Education Committee of China for scholars returning from abroad. This paper was completed when the author was visiting Osaka Kyoiku University.  by Yang, Zhongqiang
Topology and its Applications 109 (2001) 257–265
Normally supercompact spaces and completely distributive posets I
Zhongqiang Yang
Department of Mathematics, Shaanxi Normal University, Xi’an, 710062, People’s Republic of China
Received 3 February 1999
Abstract
A Hausdorff spaceX is called normally supercompact (NS for short) if it has a subbase S such that
(1) every cover consisting of elements of S has a subcover consisting of at most two elements, and
(2) for any pair A,B of elements of S if A ∪B =X then there exist C,D ∈ S such that C ∩D = ∅
and A ∪ C = B ∪ D = X. A poset L is called a completely distributive poset (CDP for short) if
(3) every nonempty subset has an inf, (4) every subset in which every pair has an upper bound has
a sup, and (5) the distributive law holds for any existing sups and existing infs. In this paper, we
prove that the category of all NS spaces and the category of all CDP’s are isomorphic. As a result
we deduce that the order in a connected compact linearly ordered space is unique. Moreover, we also
get a corresponding result for zero-dimensional NS spaces. In particular, we show that a space is
zero-dimensional NS if and only if it has a subbase consisting of clopen sets satisfying (1) and (2).
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1. Introduction
In this paper, spaces are assumed to be Hausdorff topological spaces. In a space X,
a family S of subsets is called a closed subbase if {X \ S: S ∈ S} is a subbase for X.
A family S of subsets is called linked if every pair of elements of S has a nonempty
intersection. A family of subsets is called binary if its every linked subfamily has a
nonempty intersection. A space is called supercompact if it has a binary closed subbase [4].
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By the Alexander subbase lemma every supercompact space is compact. All continuous
images of linearly ordered compacta are supercompact [2]. On the other hand, there exist
many compact spaces which are not supercompact. In fact, in [11] and [12] the authors
proved that in every supercompact space every non-P-point 1 is the limit of a nontrivial
sequence. A family S is called normal if for every pair of disjoint elements A,B of S
there exist C,D ∈ S such that C ∪ D = X and D ∩ A = C ∩ B = ∅. A space X with
a normal binary closed subbase is called normally supercompact (NS for short) [5]. NS
spaces have very rich “geometric” structures. For example, if they are connected then
they are locally connected and generalized arcwise connected. Moreover, a NS space is
an absolute retract if and only if it is an absolute neighborhood retract, if and only if it
is connected and metrizable. In [5] van Mill defined a partial order on a NS space. Many
people have studied NS spaces using this partial order [7,9,10]. In [10] we used this order
to set up a correspondence between NS spaces and partially ordered sets which are very
like completely distributive lattices. In the present paper, we prove that this correspondence
can be extended to an isomorphism between the category of NS spaces and the category
of CDPs. As a corollary, we deduce that in a connected linearly ordered space the family
of all closed intervals is the unique normal binary closed subbase which is closed under
arbitrary intersections. Moreover, we show that every zero-dimensional NS space has a
normal binary closed subbase consisting of clopen sets.
2. Preliminaries
In this section we present some basic concepts and results on order theory. Please see [3]
for more information about this topic.
Let L be a partially ordered set (poset for short). For A ⊂ L, we denote the infimum
of A in L, if it exists, by infA. If A = {a1, a2, . . . , an}, a1 ∧ a2 ∧ · · · ∧ an instead of
infA. Similarly, for supremum, by supA and a1 ∨ a2 ∨ · · · ∨ an, respectively. The least
element of L is denoted by ⊥ if it exists. For a, b ∈L, we say that a is way-below to b, in
symbols a b, if for every directed set D ⊂ L with supD > b, there exists d ∈D such
that d > a. If a a, then a is called compact. The set of all compact elements of L is
denoted by C(L). An element m 6= ⊥ is called a co-prime element if m 6 a ∨ b implies
m6 a or m6 b. The set of all co-prime elements of L is denoted by M(L). For A⊂ L,
let ↓A= {x ∈L: x 6 a for some a ∈A}. In particular, ↓a =↓{a}. Let
⇓a = {x ∈ L: x a}.
Dually, we can define ↑A, ↑a and ⇑a. A complete lattice is called a continuous lattice
(completely distributive lattice or CDL for short, respectively) if the distributive law for
arbitrary infs and arbitrary directed sups (arbitrary sups, respectively) holds. It is well
known that a complete lattice L is a continuous lattice (completely distributive lattice,
respectively) if and only if x = sup⇓x (x = sup(M(L) ∩ ⇓x), respectively) for any
1 A point p in a space is called a P-point if p /∈ (⋃C)− \⋃C for any countable family C of closed sets.
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x ∈ L. In [10], in order to characterize NS spaces we defined the concept of completely
distributive poset. A subset A of a poset L is called relatively directed if for every pair
a, b ∈ A there exists x ∈ L such that a, b 6 x . A poset is called a completely distributive
poset (CDP for short) if
(CDP 1) every nonempty set has an inf,
(CDP 2) every relatively directed set has a sup, and
(CDP 3) the distributive law holds for arbitrary infs and arbitrary relatively directed
sups.
A CDP is called algebraic if every element is the sup of compact elements. A subset U
of a poset L is called Scott-open if U =↑U and L \U is closed under directed sups. The
family of all Scott-open sets and all sets of the form L \ ↑x generates a topology on L,
which is called the Lawson topology and denoted by ΛL. If L is a continuous lattice or a
CDP then ΛL is a compact Hausdorff (!) space. For a CDP L, let L∗ = L∪ {∗} and order
L∗ such that ∗ is the last element and L is a subposet of L∗, then L∗ is a continuous lattice.
But such L∗ is not necessarily a completely distributive lattice. However if L is a CDP,
then for every x ∈ L, ↓x is a completely distributive lattice. Thus CDP’s enjoy some but
not all properties of CDL’s. For our purpose, we need the following facts.
Fact 1. If L is a CDP, then x = sup(⇓x ∩M(L)) for all x ∈ L.
Fact 2. If L is a CDL, then ΛL coincides with the interval topology generated by
{↓x: x ∈ L} ∪ {↑x: x ∈ L} as a closed subbase. But this statement is not necessarily
true for CDPs.
We shall use I to denote the interval [0,1]. For any set T , IT , with the pointwise order,
is a CDL and hence a CDP. ΛIT is the usual product space and with the canonical closed
subbase consisting of all forms of
∏
t∈T [at , bt ], where 06 at 6 bt 6 1. (There is a slight
difference between the definition here and the one in [9].)
Now for a NS space X, we fix a normal binary closed subbase S . Let S∩ be the family
of all intersections of elements of S . Then S∩ is also a normal binary closed subbase and is
closed under arbitrary intersection. We call such family a NS structure on a NS space. That
is a NS structure on a NS space is a normal binary closed subbase which is closed under
arbitrary intersection. By Hausdorff separation, every NS structure contains all singleton
sets. In [5], on a NS space X with a fixed NS structure S and a fixed point ⊥ ∈ X a
partial order with the least element ⊥ is defined as follows. For a, b ∈ X, we use I (a, b)
or IS (a, b) (if necessary) to denote
⋂{S ∈ S: a, b ∈ S}. Define a 6S b if a ∈ IS (⊥, b).
In [10] the author proved the following facts:
Fact 3. (X,6S) is a CDP and the original topology on X coincides with the Lawson
topology of (X,6S).
Fact 4. For any CDP (L,6), the family {↑m: m ∈M(L)} ∪ {L \ ⇑m: m ∈M(L)} is a
normal binary closed subbase for Λ(X,6) and thus Λ(L,6) is a NS space.
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For a CDP (L,6), let S6 be the NS structure generated by the above normal binary
closed subbase. The following facts proved in [5,10] are also needed in proving our results.
Fact 5. For any b ∈ X and A ⊂ X, ⋂{S ∈ S: S ⊃ A} ∩⋂{I (b, a): a ∈ A} is a single
point set.
Fact 6. Every element of S is closed under arbitrary infs and arbitrary existing sups
according to 6S .
Fact 7. If X is connected then every element of S is connected.
3. The isomorphism theorem
By a NS structural space we mean a triplet (X,S,⊥), whereX is a NS space, S is a NS
structure onX and⊥∈X is a point. For two NS structural spaces (X,S,⊥) and (Y,T ,⊥),
a mapping f :X→ Y is called a NS mapping if f (⊥)=⊥ and f−1(T ) ∈ S for any T ∈ T .
Let NS be the category consisting of all NS structural spaces and all NS mappings. This
category was defined and studied in [8]. Let CDP be the category consisting of all CDP’s
and all mappings preserving existing infs and sups. Then we have the following theorem:
Theorem 1. There exist two functors Ψ : NS→ CDP and Φ : CDP→ NS such that
Ψ ◦Φ = idCDP and Φ ◦Ψ = idNS.
Proof. For each (X,S,⊥) ∈NS, we define
Ψ (X,S,⊥)= (X,6S ,⊥).
For a mapping f in NS, we define Ψ (f )= f . For (X,6,⊥) ∈CDP, we define
Φ(X,6,⊥)= (X,S6,⊥).
For a mapping f in CDP, we define Φ(f )= f . It follows from Facts 3 and 4 that the two
functors are well-defined for the objects. The remainder of proof of the theorem follows
from the following lemmas:
Lemma 1. If a mapping f : (X,S,⊥)→ (Y,T ,⊥) is in NS, then f : (X,6S ,⊥)→
(Y,6T ,⊥) is in CDP.
Proof. As the topologies on X and Y are Λ(X,6S ,⊥) and Λ(Y,6T ,⊥), respectively,
and f is continuous, we have that f preserves all down-directed infs and directed sups. It
suffices to verify that f preserves finite infs and finite existing sups. Notice that f preserves
order. Now for any a, b ∈X we have f (a ∧ b)6 f (a)∧ f (b). If f (a)∧ f (b) 6 f (a ∧ b),
then f (a) ∧ f (b) /∈ ↓f (a ∧ b). Thus there exist T1, T2 ∈ T such that T1 ∪ T2 = Y and
T1 ∩ {f (a) ∧ f (b)} = T2 ∩ ↓f (a ∧ b) = ∅. Let S1 = f−1(T1), S2 = f−1(T2). Then
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S1, S2 ∈ S and S1 3 a ∧ b,⊥, but a /∈ S1 nor b /∈ S1. Thus a, b ∈ S2, but a ∧ b /∈ S2, which
contradicts Fact 6. Similarly, f preserves finite existing sups. 2
Lemma 2. If a mapping f : (X,6,⊥)→ (Y,6,⊥) is in CDP, then f : (X,S6,⊥)→
(Y,S6,⊥) is in NS.
Proof. It suffices to verify that A = f−1(↑y) and B = f−1(Y \ ⇑y) are in S6 for any
y ∈ M(Y). It is easy to show that A = ∅ or A = ↑ infA. Thus A ∈ S6. In order to
show B ∈ S6, suppose x /∈ B . Then Fact 1 implies y  f (x) = sup{f (m): m x and
m ∈M(X)}. Hence, it follows from y ∈M(Y) that there existsm ∈M(X) such thatm x
and y f (m). Thus x /∈X \ ⇑m⊃ B . Moreover,X \ ⇑m ∈ S6. So, B ∈ S6. 2
Lemma 3. Ψ ◦Φ = idCDP and Φ ◦Ψ = idNS.
Proof. We only prove the second equation, that is, for any NS structural space (X,S,⊥),
S is the smallest NS structure including A= {X \ ⇑m: m ∈M(X)} ∪ {↑m: m ∈M(X)},
where the partial order onX is6S . At firstA⊂ S . For any x, y ∈X, if y /∈ ↑x , there exists
S ∈ S such that y,⊥ ∈ S but x /∈ S. The normality of S implies that there exist A,B ∈ S
such that A ∪ B = X and A ∩ S = B ∩ {x} = ∅. Then ↑x ⊂ A 63 y . In fact, otherwise,
there exists z ∈ ↑x ∩B . It follows from ⊥ ∈ B that x ∈ B , a contradiction. Thus ↑x is an
intersection of elements of S and hence it is in S . Now for anym ∈M(X) and y /∈X \⇑m,
let x = sup(↓y ∩ (X \ ⇑m)), which exists since the set is included in ↓y . Then it follows
from m ∈M(X) that x ∈ X \ ⇑m. Thus ↓x ∩ {y} = ∅. By the normality of S there exist
A,B ∈ S such that A ∪ B = X and A ∩ ↓x = B ∩ {y} = ∅. Then y /∈ B ⊃ X \ ⇑m. In
fact, otherwise, choose z ∈ (X \ ⇑m) ∩ A then y ∧ z ∈ X \ ⇑m and hence y ∧ z /∈ A, a
contradiction. Thus X \ ⇑m is also an intersection of elements of S and hence it is in S .
Secondly, for any S ∈ S and any x /∈ S, there exists A ∈ A such that A ⊃ S and x /∈ A.
In fact, let y = infS. If y 6 x , then A= ↑y satisfies the conditions. If y 6 x , then, by the
normality of S , there exist C,D ∈ S such that C ∪D =X and C ∩S =D∩{x} = ∅. Then
D 3⊥. It follows from Fact 6 and x = sup(M(X)∩⇓x) thatM(X)∩⇓x 6⊂D. Thus there
exists m ∈M(X)∩⇓x ∩C. Let A=X \⇑m. Then A satisfies the conditions. So, we have
proved that S is an intersection of elements of A.
From above theorem and its proof it is natural to wonder whether the NS structures of
a space are all identical. At first we note that for any NS structure S on a space X and
any homeomorphism h :X→ X, h(S) = {h(S): S ∈ S} is also a NS structure on X and
(X,6S ,⊥) is a CDL if and only if so is (X,6h(S), h(⊥)). Moreover, for X = I × I, it is
easy to give a homeomorphism h :X→ X such that h(S) 6= S , where S is the canonical
closed subbase on I × I . NS structures on I × I are not unique. Thus we ask whether
every NS structure on a space may be a homeomorphic image of a fixed NS structure. The
answer is no. We give two counterexamples. One is a linearly ordered space and the other
is I × I .
Example 1. Let X = {∗} ∪L, where ∗ /∈L and L= ω1 × [0,1)∪ {ω1} is ordered in such
a way that ω1×[0,1) is in the lexicographical order and ω1 is the last element. Topologize
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X such that ∗ is an isolated point and L has the ordering topology. Then X is a NS space.
We extend the order on L into two linear orders on X such that ∗ is the last element and
the least element, respectively. The two linear orders produce two NS structures on X. It is
easy to see that these two NS structures are not homeomorphic. On the other hand, by the
following Corollary 1, these are the only NS structures on X.
Example 2. Let X = I × I and S the canonical closed subbase on X. Let T be the family
of all polygons whose sides are sides of I × I or straight lines with the inclinations 1 or
−1. Then T is a NS structure on X (cf. [9]). It is trivial to check that (X,6S , (0,0)) is
a CDL but (X,6T , (a, b)) is not a CDL for any (a, b) ∈ X. Thus S and T are two NS
structures on X and each of them is not any homeomorphic image of the other.
But we have the following theorem.
Theorem 2. LetX be a NS space and S,T two NS structures onX. If S ⊂ T , then S = T .
Proof. Suppose that there existsA ∈ T \S . Let B =⋂{S ∈ S: S ⊃A}. Choose b ∈B \A.
Then, by Fact 5, B ∩⋂x∈A IS (x, b)= {b}. Since S ⊂ T , we have IT (x, b)⊂ IS (x, b) for
all x ∈A. Moreover,A⊂ B and b /∈A. Thus A∩⋂x∈A IT (x, b)= ∅. This contradicts the
assumption that T is binary. 2
Corollary 1. For a connected compact linearly ordered space X, {[a, b]: a, b ∈X} is the
unique NS structure on X.
Proof. Let X be a connected compact linearly ordered space and S a NS structure on X.
It follows from Fact 7 that S ⊂ {[a, b]: a, b ∈X}. Thus S = {[a, b]: a, b ∈X}. 2
Corollary 2. For a connected compact linearly ordered space (X,6), 6 is the unique
partial order R such that (X,R) is a CDP and has the same least element with (X,6) and
Λ(X,6)=Λ(X,R).
Proof. This follows directly from Theorem 1 and the above corollary. 2
Another application of the above theorems is to show that there exists a NS space which
is not homeomorphic to any CDL with the Lawson topology or equivalent with the interval
topology. In fact, let X = {(a, b, c) ∈ I 3: a = b = 0 or b = c = 0 or c = a = 0}. Using
the same method as the proof of Corollary 1, it may be proved that S|X, where S is the
canonical closed subbase for I 3, is the unique NS structure on X and hence X is a NS
space. However, for any ⊥∈X, (X,6S|X,⊥) is not a CDL. Thus, by Theorem 1, X is not
homeomorphic to any CDL with the Lawson topology.
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4. Zero-dimensional NS spaces
In this section we at first show that the two functors defined in the last section restrict to
isomorphisms between the category of all zero-dimensional NS structural spaces and that
of all algebraic CDP’s. Then we prove that every zero-dimensional NS space has a normal
binary closed subbase consisting of clopen sets. Let ONS be the full subcategory of NS
consisting of all zero-dimensional NS structural spaces and ACDP the full subcategory of
CDP consisting of all algebraic CDP’s.
Theorem 3. Ψ : ONS→ACDP and Φ : ACDP→ONS are isomorphic.
Proof. It is well known that ΛL is zero-dimensional if and only if L is algebraic for any
continuous lattice L (see, for example, [3]). Thus the proof follows from Theorem 1. 2
Theorem 4. For a space X, the following statements are equivalent:
(1) X is zero-dimensional NS;
(2) X has a normal binary closed subbase consisting of clopen sets;
(3) X has binary closed subbase which is closed under complements;
(4) X is homeomorphic to ΛL for some algebraic CDP L.
Proof. (1)⇒ (4) has been proved in the above theorem. (3)⇒ (2) and (2)⇒ (1) are
trivial. Now we show (4)⇒ (3). Suppose thatX is homeomorphic to Λ(L,6), where L is
a algebraic CDP. Let B = C(L)∩M(L). We show that B satisfies the following condition:
(SB) For every x ∈ L, x = sup{b ∈ B: b x}.
In fact, for any c ∈ C(L), since c = sup{m ∈ M(L): m 6 c}, there exists a finite set
A⊂M(L) such that c = supA. Without loss of generality, we may assume A is an anti-
chain. Then A ⊂ B . In fact, for any a ∈ A and any directed D with a = supD. Then
sup((A \ {a})∪D)= supA= c. Hence there exists a finite subset F ⊂ (A \ {a})∪D such
that c6 supF . By a ∈M(L) and a 6 c we have a 6 f for some f ∈ F . Then f ∈D since
elements of A are not comparable. This shows a ∈ C(L). Hence a ∈ B . It follows that B
satisfies (SB) since L is algebraic. By Lemma 2.8 in [10] we have
SB = {L \ ↑b: b ∈B} ∪ {↑b: b ∈B}
is a closed subbase for ΛL. Moreover, by B ⊂M(L) and Fact 4 we have SB is binary.
ThusΛL has a binary closed subbase which is closed under complements. 2
Remark 1. In [1], Bell and Ginsburg gave an example to show that not every zero-
dimensional supercompact space has a binary closed subbase consisting of clopen sets.
Every NS space can be embedded into a Hilbert cube IT as a special subspace. In 1978,
van Mill and Wattel in [6] showed that a space is a NS space if and only if it can be
embedded into IT as a closed and triple convex subspace. (A subsetA of IT is called triple
convex if (x ∧ y) ∨ (y ∧ z) ∨ (z ∧ x) ∈ A for all x, y, z ∈ A.) In 1992, Szymanski in [9]
showed that this is equivalent to ask that the restriction to this subspace of the canonical
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closed subbase of IT is binary. In 1993, the author in [10] showed that a space is NS if
and only if it can be embedded into a Hilbert cube as a subspace which is closed with
arbitrary infs and arbitrary relatively directed sups. It is trivial that such subspace is closed
and triple convex. But the converse is not true. For example, the anti-diagonal in I × I is
closed and triple convex but not closed with finite infs. Now we consider embedding of
zero-dimensional NS space into a Cantor cube 2T .
Theorem 5. For a topological space X the following conditions are equivalent:
(1) X is a zero-dimensional NS space;
(2) X can be embedded into a Cantor cube 2T as a closed and triple convex subspace;
(3) X can be embedded into a Cantor cube 2T as a subspace which is closed with
arbitrary infs and arbitrary relatively directed sups.
Proof. (3)⇒ (2) and (2)⇒ (1) are trivial (cf. [9,10]). We have only to show (1)⇒ (3).
We suppose that L is a algebraic CDL and X =Λ(L, 6). By the proof of Theorem 4 we
have that SB is a closed subbase for the space X. For every b ∈ B , let fb :X→ 2= {0,1}
by fb(x) = 1 if and only if b 6 x . This generates a continuous one-to-one mapping
F :X→ 2B . It is not difficult to verify the image of X is closed with any finite infs and
finite relatively directed sups in 2B . Moreover, the image of X is compact subspace of 2B .
Thus, it is closed with arbitrary infs and relatively directed sups. 2
It is well known that every zero-dimensional compact space of the countable weight can
be embedded into the Cantor set 2N as a closed subspace and hence it is homeomorphic
to a CDL with the interval topology. But this statement is not true for zero-dimensional
NS spaces of larger weights. In fact, let A(m) be the one-point compactification of the
discrete space of weight m. Then A(m) is a zero-dimensional NS space but A(m) is not
homeomorphic to any CDL with the interval topology unless m is countable.
Acknowledgement
I would like to thank Professor Y. Yasui and the referee for their valuable suggestions
for the improvement of the paper.
References
[1] M. Bell, J. Ginsburg, Compact spaces and spaces of maximal complete subgraphs, Trans. Amer.
Math. Soc. 283 (1984) 329–338.
[2] W. Bula, J. Nikiel, H.M. Tuncali, E.D. Tymchatyn, Continuous images of ordered compacta are
regular supercompact, Topology Appl. 45 (1992) 203–221.
[3] G. Gierz, K.H. Hofmann, K. Keimel, J.D. Lawson, M. Mislove, D.S. Scott, A Compendium of
Continuous Lattices, Springer, Berlin, 1980.
[4] J. de Groot, Supercompactness and superextension, in: Contribution to Extension Theory of
Topological Structures, Proceedings 1967 Berlin Symposium, Berlin, 1969, pp. 89–90.
Z. Yang / Topology and its Applications 109 (2001) 257–265 265
[5] J. van Mill, Supercompactness and Wallmann Spaces, Math. Center, Vol. 85, Amsterdam, 1977.
[6] J. van Mill, E. Wattel, An external characterization of spaces which admit binary normal
subbase, Amer. J. Math. 100 (1978) 987–994.
[7] M. van de Vel, Binary convexities and distributive lattices, Proc. Lond. Math. Soc. 48 (3) (1984)
1–33.
[8] E. Wattel, Normally supercompact spaces and convexity preserving maps, in: Categorical
Topology, Lecture Note in Math., Vol. 719, Springer, Berlin, 1979, pp. 386–394.
[9] A. Szymanski, Q-binary space, Topology Appl. 43 (1992) 117–130.
[10] Z. Yang, Supercompactness and normal supercompactness, in: General Topology, Geometric
Topology and Related Problems, RIMS kokyuroku 823, 1993, pp. 10–34. (MR, 95e:54038)
[11] Z. Yang, All cluster points of countable sets in supercompact space are the limits of nontrivial
sequences, Proc. Amer. Math. Soc. 122 (1994) 591–595.
[12] Z. Yang, W. Sun, All non-P-points are the limits of nontrivial sequences in supercompact spaces,
Proc. Amer. Math. Soc., to appear.
